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GENERAL CHARACTERIZATION OF THE THESIS

The thesis is devoted to construction and investigation of algebraic multigrid precondi-
tioners for symmetric positive definite matrices which arise in finite element approximation
of elliptic equations. The essence of the research consists in carrying out a comparative
analysis of different rates of mesh refinement.

Actuality of the Subject. The finite element method is one of the most efficient tools
for numerical solution of partial differential equations. A process of solution of a boundary
problem for differential equation through the use of the finite element method includes the
following principal stages:

— finite element approximation of the problem;

— solution of a system of grid equations.

The finite element approximation of linear differential equations lead to the systems of
linear algebraic equations (system of grid equations) of high dimensionality. As a rule, the
systems are ill-conditioned. The complexity of the solution of algebraic problems grows
rapidly with the problem size which depends on grid step. Therefore using the general
numerical methods of linear algebra to solve the system of grid equations is not always
expedient. In this connection the development of fast and robust solvers is of great
importance.

Algebraic multigrid/multilevel preconditioning methods are widely used nowadays for
numerical solution of large-scale linear systems with finite element matrices. These methods
are constructed on the base of the sequences of refined meshes. The methods are sufficiently
universal and are applicable to a broad class of boundary problems for partial differential
equations. The importance of multigrid methods has been greatly increased in connection
with development of high productive computers. All that has been said stimulates the
working out of multigrid algorithms and their theoretical substantiation.

The Aim of the Thesis. The aim of the work is the development of a technique for
constructing algebraic multigrid preconditioners of optimal order of computational
complexity for linear elliptic equations. Multigrid technique uses recursive refinement of
grids, leading with coarsest grid up to the finest one. However, there can be a significant
overhead of data transport and recursive loops associated with many levels of grid
refinement. Therefore, it is of interest to construct multigrid methods where fewer
refinement levels are used. In different multigrid versions hierarchical grids based on
bisection of the sides of mesh cells are usually used. As a distinct of this strategy, in the
thesis we develop a multigrid technique based on trisection of the sides of mesh cells. Such
a strategy leads to higher rate of mesh refinement.

The following basic problems have been stated:

— development of the methods for constructing algebraic multigrid preconditioners on

hierarchical triangular grids based on bisection and trisection of mesh cells;

— obtaining estimates for condition number of preconditioned stiffness matrices
which don’t depend on the number of refinement levels;

— estimating the computational complexity of a preconditioning step, i.e. obtaining
estimates for arithmetical cost of multigrid preconditioners, which are proportional
to the dimension of finest-grid problem;

— comparative analysis of bisection and trisection strategies of mesh refinement.

Object of Investigation. Algebraic multigrid preconditioners for symmetric positive
definite matrices which arise in finite element approximation of elliptic boundary value
problems.




Methods of Investigation. The methods of mathematical analysis, linear algebra,
matrix analysis and the theory of the finite element method have been used.

Scientific Innovation. Using general principles to construct algebraic multigrid pre-
conditioners which were developed by O.Axelsson and P.Vassilevski' , Yu.A.Kuznetsov® ,
Yu.R.Hakopian and Yu.A.Kuznetsov® , in the thesis a new technique for constructing
algebraic multigrid preconditioners of optimal order of computational complexity for two-
dimensional elliptic equations has been elaborated. The technique is based on hierarchical
triangular grids with trisection of the sides of mesh cells. Evaluating computational
expenditures, it has been shown that trisection strategy is preferable in comparison with
ordinary bisection.

Theoretical and Practical Value. The results obtained in the thesis have theoretical
content and at the same time they are directed toward applications. They can be used in
development of effective solvers for high-dimensional finite element systems.

Approbation of the Results. The results of the thesis have been presented in 8"
International Conference “Computer Science and Information Technologies” CSIT-2011,
(September 26-30, 2011, Yerevan, Armenia) and at the general seminar of the Faculty of
Informatics and Applied Mathematics, Yerevan State University (January 27, 2012).

Publications. The results of the thesis were published in four scientific articles.

Structure and Volume of the Thesis. The thesis consists of introduction, three
chapters, conclusion and the list of references. The number of references is 49. The volume
of the work is 86 pages.

THE MAIN CONTENT OF THE THESIS

In the Introduction the actuality of the topic is discussed, the aim and the problems of
the dissertation are formulated.

In Chapter 1 the idea of preconditioning and the role of preconditioners in a solution
of ill-conditioned systems of linear algebraic equations are discussed. The most important
preconditioning techniques are described. In particular, we give a brief review of algebraic
multigrid/multilevel preconditioning method and cite some principal results obtained in that
field of computational mathematics.

To solve a high-dimensional system of linear algebraic equations

Ax=b (D

with symmetric positive definite matrix iterative methods are usually applied. For example,
conjugate gradient method or Chebyshev method. It is known that the rate of convergence
of an iterative method depends on the condition number of the matrix. Remind this notion:
for symmetric positive definite matrices A and B the spectral condition number x,(B™' A) is

defined as the ratio of the largest and the smallest eigenvalues of the matrix B™'A. The
number of necessary iterations increases with increasing the condition number. By this very
fact, increasing the condition number caused increasing the number of flops and, in the end,
increasing the machine time required for solving the system (1).

'0. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods. L. - Numer.
Math., 56, 1989, 157-177.

’Yu. A. Kuznetsov. Algebraic multigrid domain decomposition methods. - Sov. J. Numer.
Anal. Math. Modelling, v. 4, Ne 5, 1989, 351-379.

*Yu. R. Hakopian and Yu. A. Kuznetsov. Algebraic multigrid/substructuring preconditioners
on triangular grids. - Sov. J. Numer. Anal. Math. Modelling, v. 6, Ne 6, 1991, 453-483.
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To improve the conditionality of the system (1) with ill-conditioned matrix 4, instead
of that system preconditioned system

P Ax=P"b 2)

is considered where a symmetric positive definite matrix Pis a preconditioner. The
preconditioner P should meet the following two requirements:

P1. The matrix P should good approximate the matrix A, i.e. the condition number
k,(P~'A) should be essentially smaller than «,(A4).
P2. A system with matrix P should be easy to solve.

The first property means that the preconditioned iterations should converge rapidly, while
the second one ensures that each iteration is not too expensive. It is necessary to strike a
balance between the two needs. In connection with the requirements mentioned above, a
matrix P will be considered as an optimal preconditioner for the matrix A if the following
two properties are met:

OP1. The matrix P is spectrally equivalent to the matrix A. The latter means that
there exist positive constants ¢, and ¢, , independent of the order of the matrix,

such that
e x' Px<x"Ax<c,x"Px  Vx;
in this case
K, (P'A)<c,/c, ,
and the number of iterations needed to obtain the solution of the preconditioned
system (2) with given precision doesn’t depend on the order of the system.
OP2. The number of arithmetical operations required for solving a system with matrix
P is proportional to the number of unknowns .

In Chapter 2 we construct and analyse a multigrid preconditioner on hierarchical
triangular grids with bisection. To attract attention to essential details of multigrid
constructions as well as to compare our preconditioners with each other, in the work we
carry out all considerations for model elliptic boundary value problem, namely, for Dirichlet
problem for Poisson equation in equilateral unit triangle. All the results may be
disseminated for second-order self-adjoint elliptic equations using the technique developed
in Yu.R.Hakopian and Yu.A.Kuznetsov”.

Suppose A is an equilateral unit triangle with boundary T' in the plane of variables
x=(x,x,). Denote by H,(A) the subspace of the Sobolev space H'(A) that consists of the

functions vanishing on T'. Consider a weak formulation of the problem: for a given function
f € L,(A) find the function u € Hy(A) such that

L VuVwdx = J.Aﬁ/vdx Vwe H(A). 3)

Let t be a uniform triangulation of the domain A formed by equilateral triangular
cells (triangular elements). With the triangulation t we associate a grid ® whose nodes are
the vertices of the cells. We introduce the following notation:

N 1is the set of nodes of the grid ® which belong to the domain A;

n 1s the number of nodes in the set N ;

G is the space of grid functions defined on the set N ;

V' is the space of piecewise linear functions vanishing on the boundary T.

*Yu. R. Hakopian and Yu. A. Kuznetsov. Algebraic multigrid/substructuring preconditioners
on triangular grids. - Sov. J. Numer. Anal. Math. Modelling, v. 6, Ne 6, 1991, 453-483.
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The finite element problem corresponding to the problem (3) is formulated as follows:
find a function v eV such that

vawx - L fivde VeV . 4)

The problem so defined leads to a system of grid equations
Av=g (5)
where symmetric positive definite matrix 4 is such that the relation
w' Au = LVL?Vde Vu,we G (6)
holds and a grid function g € G is determined by the relation
ng:J‘AﬁZ/dx Vwe G (7)

(in (6) and (7) the functions #,weV are prolongations of the grid functions u,weG,

correspondingly). Suppose the nodes from the set N are numbered in some order with the
integers 1,2,...,n. Then the entries of the stiffness matrix 4=[q;],,, and the grid function

nxn

g=[g,g,..g,]" are calculated as follows:

a; = LV(p,V(pj dx, g, =J.Af(pl. dx, i,j=12,.,n,

where ¢, are nodal basis functions of the space V. Regarding the spectral condition number

k,(4) of the finite element matrix 4, it is generally known that k,(4)=O(h™>) where h is
the step size of the uniform grid o .

In Section 2.1 and Section 2.2 hierarchical triangular grids based on bisection and
corresponding finite element matrices are constructed. Let t, be an initial uniform

triangulation of the domain A, which we consider as the coarsest one. Constructing the
hierarchical sequence of grids is based on a refinement which is performed by subdividing
the triangular cells of the previous triangulation into four congruent ones (Fig.1). In fact, the
refinement is carried out by bisection of the sides of triangular cells.

Fig.1 Refining procedure (bisection)

By the refining procedure we obtain triangulations t,, £=0,,.,p, where p>1 is an
integer. Let the triangulation t, correspond to the kth level of refinement. It is clear
thatt , is the finest triangulation. At any level k, where 0<k < p, we will use corresponding
notation o, , N, ,n,, G, and V_, the significance of which is given above.

The following auxiliary statement holds true.
Lemma 2.1.1° For all values k = 0.,l...., p the estimates

4< M <gqi8.0*
iy

are valid.

> The numbering of the statements is given in accordance with the text of the thesis.
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At all levels k>1 we will distinguish two kinds of nodes of the grid o, , that is, old
nodes (they are those of the grid o, ;) and new nodes, which appear as a result of the
refining procedure. By construction we have

N,oN,,, k=12,.,p.
Therefore at the « th level the partitioning

N, =N"UN? (8)
can be defined, where
ngl) =N, ANy, N/Ez) =N,
(Fig.2). The following ordering of the nodes will be used: the nodes from the set N are

numbered first in some order and then the nodes from the set N{”.

Fig.2 Partitioning the nodes (o - old nodes, ® - new nodes)

For the values k =0,1,..., p, we define finite element matrices A4“ of the order n, with
help of the relations
w Ay = J.AVL?Vde Yu,we G, 9)
(see also the relation (6)). For £ =1,2,...,p, in accordance with the partitioning (8) of the
nodes in the set N, the matrices 4 admit block representation

e |:Al(lk) A](;):|}N]EI)

= ) 10
A A g 1o

Note, that the block 4% in (10) is a nonsingular diagonal matrix. Thus, we have a sequence
of finite element matrices

AQ 4D AP =4 (11)
associated with hierarchical grids »,, 0<k< p.

The Section 2.3 is devoted to two-grid preconditioners. This is important intermediate
stage to construct multigrid preconditioner.

Consider an equilateral triangle e with vertices numbered 1, 2 and 3. Suppose u and v
are arbitrary linear functions defined on e. Insert a bilinear form

0, (u,v) = (uy —u) )(vy =v) + (U — 1, )(v; = v,) + (1, — ;) (v, —v;) (12)

where u, and v,are the values of the functions u and v, respectively, at the ith vertex. The
following equality holds:

J.Vqudng(pe(u,v). (13)
Let us write the relation (9) as

wl AWy = ZIV&Vde .

eet

From here, using the equality (13), we find that the matrices 4* satisfy the relations



w' Ay = ﬁz%(ﬁ,ﬁ/) Vu,weG, (14)

which is essentially used for constructing two-grid preconditioners.
Let £ >1. Consider a triangular element eet, ,. At the next stage of refining the grid

the element e is subdivided into four triangular elements of kth level. As a result, the
element eet,  turns into a superelement (Fig.1). Two-grid preconditioner for the matrix

A" is constructed as follows. We group the addends in the right-hand side of the relation
(14) so that the elements of the kth level form the superelements. After that, eliminating
certain links inside the superelements (Fig.3), we obtain a matrix B“ which has the

following block structure:
B _ [ B® Ag)}} NO

= . 15
A A g )

The blocks 4%, A% and A% in (15) are identical with those of the block representation (10)

of the matrix A“ while the block B!\, as distinct from the block 4, is a diagonal matrix.

A

Fig.3 Eliminating links inside the superelement
Then we prove that the matrix B can be also written as

(k) (k)
B(k) Bll Alz
= 1 -1 .
(k) (k=1) (k) p(k) (k)
A21 EA + Azl Bll Alz

(16)

Therefore the matrix B is referred to as two-grid preconditioner for the matrix 4“ . The
following statement holds true.

Theorem 2.3.2. For k=12,..,p, the eigenvalues of the matrices BT 40 belong to
the segment [1,5].

The Section 2.4 has auxiliary character. We briefly describe the Chebyshev iterative
method and establish a few assertions which are used in constructing a multigrid
preconditioner.

In Section 2.5 the multigrid preconditioner based on bisection is constructed. We
choose an integer s >1 and for the values k£ =1,2,..., p successively define matrices

(k) k)
Bll Al2

M® = 1 .
(k) (k=1) (k) p(k) (k)
A21 ER +A21 Bll Alz

(17)
where R = 4 and
-1
RU-D A“‘”[l— f[(l_e(kl)M(kl)‘lAwn)}
J=1 !

for 2<k < p (here Istands for the identity matrix). The parameters 6 ™" are calculated by
the formula

k-1 .
6; ) = i=1,2,...,s,

(Bk—l +ak—1)+ (Bk—l —Oy )tJ('S) ’

8



where 7" are the roots of the Chebyshev polynomial of the first kind of degree s and

[, B,,] is the segment containing the spectrum of the matrix M“" "' 4% In fact, the

parameter s is the number of inner Chebyshev iterations on refinement levels. The matrix
M = M P is considered as a multigrid preconditioner for the matrix 4= A",

An analysis carried out revealed an optimal value s=3 of the parameter s. The
following statement holds true.

Theorem 2.5.1 If s =3, then the estimate
K, (M 4)<3+24/5 (18)
for the spectral condition number is valid.
Using estimates given in Lemma 2.1.1, the computational complexity of a

preconditioning step is estimated. Let 4,, be the number of arithmetical operations required

for solving a system with matrix M (so-called the arithmetical cost of the preconditioner). It
is obtained that
A4, <(79+0.0349 ) (19)

(0)

o =O0() 1s the number of arithmetical operations required for solving a system

where 4
with matrix 4 and » =n,.

Thus, the multigrid preconditioner constructed can be considered to belong to the class
of optimal preconditioners, since it is spectrally equivalent to the initial stiffness matrix and
its arithmetical cost is proportional to the dimension of the finest-grid problem.

In Chapter 3 we construct a multigrid preconditioner on hierarchical triangular grids
based on the trisection strategy.
In Section 3.1 hierarchical triangular grids with trisection are constructed. Let t, be

an initial uniform triangulation of the domain A. Consider now mesh refining procedure
which is performed by trisection of the sides of triangular cells (Fig.4).

Fig.4 Refining procedure (trisection)

Let us confine ourselves to some integer p >1. By the refining procedure we obtain a
sequence of triangulations t,,k=0,1, ..., p; here 1, is the coarsest triangulation while the
triangulation t, is the finest one. As in Section 2.1, we will use notation o, ,N,,n,,G, and
V. , the significance of which is given above.

The following auxiliary statement holds true.
Lemma 3.1.1 For all values k =0.,1,..., p the estimates

9< M <94028.37*
n,_,

are valid.

Consider a triangular elemente et, ,. At the next stage of refining the grid the element

e is subdivided into nine triangular elements of the kth level. As a result, the element
eet, , turns into a superelement (Fig.4).



Fig.5 Partitioning the nodes in the set N,

At all refinement levels £ >1 we will distinguish two kinds of nodes of the grid o, :
old nodes (they are those of the grid o, ,) and new nodes, which appear as a result of the
refining procedure. In its turn, the set of new nodes is subdivided into two subsets. More
specifically, we define a partitioning

N, =N"UNJUN (20)

of the nodes in the set N,, where N" is the set of the centers of the superelements (Fig.5,
node marked with m), N{* is the set of new nodes located on the edges of the super-
elements (Fig.5, nodes marked with @ ) and N¥ is the set of the vertices of the super-
elements (Fig.5, nodes marked with o). The following ordering of the nodes will be used:
the nodes from N{" are numbered first in some order, then the nodes from N* and, finally,
the nodes from N{”; even more, for the sake of convenience, we suppose that the nodes
from the set N{* which are located on the same edge of the superelement are numbered in
consecutive order.

In Section 3.2 the finite element matrices associated with hierarchical sequence of
triangular grids are defined. For the values £ =0.,1,...,p we define finite element matrices
A" of order n, with help of the relations

w' A% = LVL?Vde Vu,weG,. (21)

If we write the last relation as
w' APy = ZJ.VL?Vde ,

eety

then, using the equality (13), we arrive at the relations

w' AWy = % Z(pe(ﬁ, w) VYu,wegG,. (22)

€ET

For k>1, in accordance with the partitioning (20), the matrices 4“ admit block
representation

AV 4y 0 N
AV =\ 4 Ay AR N (23)
0 Ay 4y [INy
The blocks 4" and 4% in (23) are nonsingular diagonal matrices. So, we have a sequence
of finite element matrices
A0 4D AP = 4 24)
associated with hierarchical grids »,, 0<k< p.

In Section 3.3 we construct and analyze two-grid preconditioners. As in bisection
case, this is important intermediate stage to construct multigrid preconditioner.

Two-grid preconditioner for the matrix 4“, where 1<k < p, is constructed in the
following way. We group the addends in the right-hand side of the relation (22) so that the

10



elements of the i th level form the superelements. Then, eliminating certain links inside the
superelements (Fig.6), we obtain a matrix B’ which has the following block structure:

0 0 0 [}NY
BY=10 By A4 [IN. (25)
0 4y 4y [INY
Here B{Y is a block diagonal matrix with nonsingular diagonal blocks of order two. As

regards the blocks A\, 4% and 4%, they are identical with those of the block
representation (23) of the matrix A% .

O

Fig.6 Eliminating links inside the superelement

Further, we define a matrix

*) k)
All A12 0
W _| g0 B L g0 g7 g )
B - AZl BZZ +A21 All A12 A23 > (26)
(k) (k)
0 A32 A33

which is considered as a preconditioner for the matrix 4.
Consider the Schur complement of the matrix B®, represented in the block form (25):
0 -1
S = Al AP BY A
We prove the following statement.

Theorem 3.3.1 For all values k=1,2,...,p, the equality

is valid.
Thus, the matrix B* from (26) can be written as follows:

(k) (k)
An A12 0 (27)
(k) _ (k) (k) GYIORITG) (k)
B = A21 Bzz +A21 All A12 A23
1 1
(k) (k=1) (k) p(k) (k)
0 A32 EA +A32 Bzz A23

Therefore the matrix B is referred to as two-grid preconditioner for the matrix 4“ . The
following important statement holds true.

Theorem 3.3.2 For k=12,...,p, the eigenvalues of the matrices B*" A* belong to the
segment [1,5+ 2\/5] .
As a simple consequence of the Theorem 3.3.2, we obtain the following estimate.

1, (BO 49 <5422 . (28)

In Section 3.4 the multigrid preconditioner based on trisection is constructed.
Let us choose an integer s>1 and for the values k=1,2,...,p successively define

matrices

11



A0y 0
MO | D B A A A% @9
0 AP R BY A
where R =4 and
RUD :A(k—1)|:1_};Il([_ej('k—])M(k_])—lA(k—l)):|1

for 2<k < p (here Istands for the identity matrix). The parameters 6 "™ are calculated as

follows:

2
0 = i=1.2....5,

- (Bk—l +ak—1)+ (Bk—l =0y )t;S) ’

where ¢ are the roots of the Chebyshev polynomial of the first kind of degree s and

[, ,.B,,] is the segment containing the spectrum of the matrix M*™"” 4% The matrix

M = M P is considered as a multigrid preconditioner for the matrix 4= A",
An analysis carried out has shown that we may take only the values s>3. We arrive at
the following assertion.

Theorem 3.4.1 If s >3 then the estimate
K,(M " A)<c.(s) (30)
for the spectral condition number of matrix M~ A, where c.(s) is the unique positive root of
the equation

€2))

) Wx+1)Y +(Wx=1)' |
x_(5+2@{<&+1)3—(&—1f} ’

holds true.

In Section 3.5 we find the upper bound for the number s which is, as a matter of fact,
the number of the inner Chebysheyv iterations. To this end, we estimate the arithmetical cost
of the multigrid preconditioner M .

Let 4,, be the number of arithmetical operations required for solving a system with

matrix M . Using estimates given in Lemma 3.1.1, we have found that s must satisfy the
condition s<8. So, we have at our disposal the values 3<s<8. Under this condition we
obtain the estimate

4 < 1247+176s+ S A,EOS). , (32)
» 99—11s 595

¥ —0(1) is the number of arithmetical operations required for solving a system

where 4,

with matrix 4”2 and n=n )

Thus, our multigrid preconditioner M belongs to the class of optimal preconditioners,
since it is spectrally equivalent to the initial stiffness matrix and its arithmetical cost is
proportional to the dimension of the finest-grid problem.

In Section 3.6 we specify the quantities c.(s), subject to the established values of s.
After finding the roots of the equations (31), we get the following statement.

12



Theorem 3.6.1 The estimate

(M A)<e(s) | (33)
where
36.66 for s=3
10.86 for s=4
8.84 =5
cu(s) = for s=5 (34)
824  for s=6
801 for s=7
7.92  for s=8
holds true.

Then we ascertain the optimal value of the parameter s from the range 3<s<8. When
applying the most popular preconditioned iterative methods, such as conjugate gradient
method or Chebyshev method, as an index of computational efforts required to solve the
preconditioned system of grid equations with matrix A4 on the finest refinement level a

quantity
W=\k(M'4)4,, (35)

may be taken. According to the Theorem 3.6.1, we consider a quantity
W(S) = Cs (S) Aops (3 6)

where c.(s)is given in (34) and 4, is estimated in (32). An analysis carried out showed

Al

that for s =4 the quantity attains its minimal value

W(4)=(116.90+0.024”)n. (37)

ops
Thus, the best choice is s =4.

The Section 3.7 is devoted to the comparison of bisection and trisection mesh
refinement strategies.

Suppose we have two hierarchical triangular grids for our domain A which are
constructed using bisection and trisection rules, as has been described in Sections 2 and 3,
correspondingly. Let us assume that the number of nodes at the finest and coarsest levels in
both cases is approximately the same. Obviously, that we will have less intermediate
refinement levels in trisection case. For trisection case in (37) we have obtained

W, =(116.90+0.024°)n. (38)

ops
For bisection, taking into account the estimates (18) and (19), we get

W, =(215.95+0.084%)n. (39)

ops

On the base of estimates (38) and (39), we conclude that from the point of view of
minimization of computational efforts the trisection strategy is preferable.

13



THE MAIN RESULTS OF THE THESIS

As a consequence of the research carried out in the thesis, the following principal
results in the field of preconditioning theory have been obtained.

e Algebraic multigrid preconditioners for symmetric positive definite matrices arising
in finite element approximation of two -dimensional elliptic equations are constructed.

e A new technique to construct algebraic multigrid preconditioners with inner
Chebyshev iterative procedures on hierarchical triangular grids based on trisection of the
sides of mesh cells is developed.

e Estimates for condition number of preconditioned stiffness matrices are derived.
The estimates are independent of the number of mesh refinement levels.

e Choosing suitably the number of inner Chebyshev iterations, estimates of optimal
order of computational complexity for arithmetical cost of multigrid preconditioners are
obtained.

e Evaluating total computational expenditures in conjugate gradient method and
Chebyshev iterative method, it was shown that trisection strategy in hierarchical mesh
refinement is preferable in comparison with ordinary bisection.
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PE3IOME

Amup Panmgkoéap

CPABHUTEJILHBI AHAJIN3
AJITEBPANYECKHUX MHOI'OCETOUYHbIX
[IEPEOBYCJIABJIMBATEJIEN JUISI PA3JIMUHBIX
CKOPOCTEN U3MEJILYEHUS CETKH

HuccepTanmonHast padoTa MOCBSIIEHA TOCTPOSHUIO U UCCIEOBAHUIO alIreOpandecKux
MHOI'OCETOYHBIX INepeo0ycaBlIuBaTeNe il CUMMETPUYHBIX MOJIOKUTEIBHO OIpE/eIeH-
HBIX MaTpUL, BO3HUKAKOIIMUX MPH KOHEYHOAIEMEHTHOM aNIIPOKCUMALMHU JIUTANTHYECKUX
ypaBHeHUH. OCHOBHOU YIOp JEJIAETCAd Ha MPOBEICHUM CPABHUTEIILHOTO aHajv3a pa3jind-
HBIX CKOPOCTEU U3MEJIbYEHUS UEPAPXUUECKUX CETOK.

KoneuHosnemeHTHast anmpokcuManus JIMHEHHbBIX TuddepeHnanbHbIX ypaBHEHUN C
YaCTHBIMH TIPOW3BOJHBIMU CBOJUTCA K PEHICHHUIO CUCTEM JIMHEWHBIX aireOpanyecKux
ypaBHEHUN (CHCTEM CETOYHBIX YpaBHEHWI) BBICOKOTO Mopsaka. Kak mpaBuio, Takue
CUCTEMBI TUI0X0 00ycioBieHbl. [Ipu 3TOM 00heM BBIYHCIUTENHHONU pabOThI, TPOYEMBIA s
pelieHus anredpandeckux 3aad, ObICTPO PacTeT C YBEIMYECHUEM Pa3MEPHOCTH ITUX 3ajlad,
KOTOpas 3aBUCUT OT Imara cetku. [losTomy pa3paboTka OBICTPBIX U HAJIECKHBIX METOJIOB
PELICHHS CUCTEM CETOYHBIX YPABHEHUM SIBJISICTCS aKTyaJIbHOM 3a/1aueil.

AnreOpandeckrie MHOTOCETOYHBIE/MHOTOYPOBHEBBIE METOMBI TEpeoOyCIaBIMBaAHUS
aKTUBHO MCIIOJIB3YIOTCSI B HACTOAIIEE BPEMS IMPU YUCICHHOM PEIICHUH alreOpandecKux
3a7a4 OOJIBIION pPa3MEPHOCTH. DTH METOABl NMPUMEHHMMBI K IIMPOKOMY Kiaccy 3anad
MaTeMaTU4ecKod (PU3UKHU U CTPOSITCS HA OCHOBE IOCJEA0BATEIHHOCTEN M3MENIbUAIOIINXCS
cetok. IIpu 3TOM MeTOIbI CTaHOBSITCA Bce Oosiee MOMYJSPHBIMU B CBSI3U C Pa3BUTHEM
BBICOKOTIPOU3BOIUTEIILHBIX KOMITBIOTEPOB.

Ilens HacTOfAIIEH AMCCEPTAIIMOHHOW pabOTHI 3aKIIOYAeTCs B pa3pabOTKe METOIOB
MOCTPOCHHSI ONTUMAIBHBIX aJTeOpanvdecKuX MHOTOCETOUYHBIX NEepeoOyCIaBiIuBaTEICH IS
JIMHEMHBIX JUTMNTUYECKUX YpaBHEHU. MHOroceTouHasi TEXHUKA UCIIOIb3YET PEKYPCUBHOE
W3MENbUYCHUE CETOK, HAUMHAasl C caMOW TpyOoil CETKHM M KOHYash camoi Menkoi. Bmecre ¢
T€M HCIOJIb30BaHKE OOJBIIOr0 YKCIIa YPOBHEH HM3MEIbUYEHUSI MOPOXKIAET OIpEICIICHHbIC
BBIYHCIIUTEIIBHBIE H3JCPKKH, CBA3AHHBIE C PEKYPCUBHBIMH LHKJIAMH W IEPECHUIKOU
naHHbIX. [loaTOMY ompeneneHHbIi MHTEpPEC NPEACTABISIET MOCTPOCHUE MHOTOCETOYHBIX
ANTOPUTMOB, B KOTOPBIX 33JEHCTBOBAHO I10 BO3MOXHOCTM MEHBUIEE YHUCIO YPOBHEU
U3MEJILYECHUS CETKH.

B pa3naudHBIX MHOTOCETOYHBIX BEPCHSAX OOBIYHO MCIOJB3YIOTCS HEPAPXUUYECKHE
CETOYHBIE CTPYKTYpPHl, OCHOBAaHHbIE Ha OWCEKIIMH CTOPOH SYEeeK CETKH. B oTiauume ot
TaKOTo IMOJX0/1a, B HACTOSIICH paboTe pa3BUBAETCS MHOTOCETOYHAS TEXHHKA, OCHOBAaHHAs
Ha TPUCEKINH CTOPOH siueeK CeTKH. Takasi CTparerus MpuBOIUT K O0JIee BBICOKON CKOPOCTH
M3MEIbYCHUS CETOK U, B KOHEYHOM UTOTE, K MEHBILIEMY YUCIY YPOBHEH.

B kauectBe kpuTepus Uil CPaBHEHHSI JBYX CTPATETHMl H3MEIBbUYCHUS CETKH —
OWMCEKITNN 1 TPUCEKIINU, PACCMATPUBACTCS BETUIMHA

W =.k(M™"A4) A,

rae k(M ™'4) ecth YMCIIO OOYCIOBIEHHOCTH TI€PEOOYCIIOBIEHHON MaTPHIIbI JKECTKOCTH, a
A,,,— UACIO apu(METUYECKHMX OIEpalui, TPeOyeMbIX JUIA DELIEHUS CUCTEMBI €

MHOT'OCETOYHBIM IlepeoOyciiaBnuBareneM. [lokazaHo, yTo

W,.=(116.90+0.024%)n,

ops
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B TO BpEMs KakK

W,,=(215.95+0.08 4 )n.

ops
Tem caMbIM 000CHOBBIBAE€TCSI IPEUMYILIECTBO TPUCEKITUU.

OCHOBHBIE PE3VIJIBTATbHI AMCCEPTALIMN

B pesynbraTe nmpoBeAEHHBIX B pabOTe MCCIIEIOBAHUIN IMOJIYYEHBI CIEAYIOIINE OCHOB-
HBIE PE3YJIbTATHI B 00JIACTH TEOPUHU NIEPEOOYCIABINBAHUS.

e [loctpoens! anrebpandeckue MHOTOCETOYHBIE MEPe0oOyCIaBIMBATENN IS CUMMET-
PUYHBIX IOJIOKUTEIIBHO ONPEAEICHHBIX MATPUL, BOZHUKAIOMMX IPH KOHEYHOJIEMEHTHOU
ANIIPOKCUMALIMY IBYMEPHBIX JJIIUITUYECKUX YPABHEHUN.

e Pa3zpaboTana HOBas TEXHHMKa MOCTPOCHUS aIreOpamyecKuX MHOTOCETOYHBIX Tepe-
oOycnaBnuBareneld ¢ BHYTPEHHUMH YEOBIIIEBCKUMHU HUTEPAlUsIMU Ha HEPAPXUIECKHUX
TPEYTOJIBHBIX CETKAaX, OCHOBAaHHBIX HA TPUCEKLIUN CTOPOH SAYEEK CETKH.

L4 HOJ’Iy‘IeHBI OLCHKHM 4YHuCJjia O6YCJ'IOB.]'ICHHOCTI/I HepeO6y0J'IOBJ'ICHHI>IX MaTpun XKeCT-
KOCTH, HC 3aBUCAIINC OT YHCJia ypOBHef/'I N3MCJIBYCHUA CCTKU.

e Bribupas nHamiexxammM 00pa3oM YHWCIO BHYTPEHHUX UYEOBIIIEBCKUX HWTEpaLUi,
MOJTyYeHBl ONTHUMANIbHBIE 10 TOPSAKY OLEHKH apU(PMETHYECKOW LEHBI MHOTOCETOYHBIX
nepeoOyciaBiauBaTesneil.

e [Tonp3ysCch MONYYEHHBIMH OIICHKAMHU OOIIMX BBIYUCIUTEIBHBIX 3aTPaT B METOJC
COTIPSDKEHHBIX TPAJAVCHTOB M B YEOBINIEBCKOM HTEPAIMOHHOM METOJIE ITOKa3aHO, 4YTO
HUepapXruecKoe M3MEIbUCHUE CETKH Ha OCHOBE TPHUCEKIUU MPEANOYTHTEIIbHEEe OOBIYHOU
OUCEKLINH.
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uuvonoenpU
Udhp (fuippuip

zUuruzucduuuu AULQUUSUL3USPL
JELUNU3TULUINCPIULESE ZUUTBUUSUYUL
4GLNhONRE3NPLE SULSP SUSUUL SULRLEH
uruankE3NhLLELr ZUUULS

Uwnbktwpnunipniup wdhpws E uhdbnphl ppuut npnojuy Jtpowynp
wnwppujhtt dwnphgubiph hwdwp hwtipwhwyuljut puquuguiguihtt Jepuuuy-
dwbtwynphsubph Jupnigdwtt b hknwgnundwt hwpgbiphtt: Zhdtwlwb obownp
npynid £ unnpulupquihtt guugkph punwgdwt wwwuppbp wpwugnipniutbph
hwdbdwwnwljwt yEpnisnipjut junwupdwt ypu:

Uwubtwlwt  wdwbgujubpn qéwjhtt nhdpbkpkughw] hwjwuwpnudubph
Jtpowynp nuppuyhtt Untnwplnidp hwignid £ pupdp upgh gdwyhtt hwipuhwy -
Juljut hwjwuwpnidiiph hwdwljupgbph (guiguhtt hwjwuwpnidutph hwdw-
Junpgtph) nwsdwip: OQpybu jubnb, wyn hwdwlupgbpp Jun b guydwbw-
Ynpquws: Cuny npnud hwmtipuwhwoduljuwt jpunhpubph (nsdwt hwdwp yuwhwbeyny
hwoyynnuljmtt wohiwwnmwuph sSwjwp wyy pughptbph swhuwyunipjut Ukswgdut
htwn dkjunbtn sun wpwg wénwd k: bull pughptbph swhwyunipmniop jupduws k
guugh pwjhg: Mltunh gwbuguhtt hwjwuwpnidubph hwdwlupgbph nsdw
wpwgq b hntuwih dkpnnutph dowynudp wmpphwjut jaunghn k:

dhpuyuwydwbwynpdwt  hwbpwhwyuljut  puquuguiguyht  dkpnnubpp
ubpju dudwbwl juyunpkt ogurnugnpdynid Eu pupdp swthwjunipjut hwpuwhw -
Juljwt punhpubpp nuskihu: Ukpnnubpp Yhpunbih Eo dwpbdwnhiulut
$hqhjuyh quytt quup uunhpitph hudwp b juenigynid &u juinwgynn gutigkph
hwonpnuljwimpnittiph hhdwt Jpu: Cun npnud wyn dbpnnubpp nuptmd B
wybkh nt wybh hwpwdwwnskih pupdpupununpujut hwdwlupghsubph qun-
quguul juwwlgnipjudp:

Unyt wnbktwpjnunipjut tyuwnwlp' géuyhtt B hynwjut hwdwuwpnid-
utph hwdwp oywnhdw) hwipwhwyJujut puquugutguhtt Jkpuyuwydutwyn-
phsubph Jupnigdwb dEpnnutph dowlnudt k' Puquugubguihtt mbluuhlub
oquuugnpénid k gumughph ntlnipupy prnugnid® ujuws wdkbwhungnp guighg b
Jtipowgpws wdkuwdwipny: Tpw htnn dbjunkny dts pynd punwugdut dwulup-
nuljitiph ogurnugnpénidp wnwewgunid kE nklnipuhy ghljjiph b wyujukph wnwp-
dwt htn juyyws npnowljh hwoynnujut dwhuubp: Niunh npnpwljh hkwnwpn-
ppnipintt £ wnwowginid wyjtyhuh puquugutgujhtt wignphpdttph junnignidp,
npubn Jhpunymd Ei pun htwpwynphtt thnpp pyny guigh pnwugdwt dwljunp-
nuljubp:

Swppkp pwquuguiguyhtt yEpuhwtbpnid unynpuwpup oguuugnpésynid Eu
unnpuljupquyhtt gubguhtt junnigqusputp, npnup htuynid G gwugh pohoubinh
Ynnutph Epuundwt ypu: b nnuppbpnipinit, unyt woiwnwtpmid dowljdus k
guugh pohoutinh Ynnutph Enwwndwt Ypw hEtdus puquuguuguhtt nbkutuhlw:
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Uinuhuh unpuwnbghwt pipnid £ guigh piinugdwt wdbih pupdp wpugnipjut b
JEpohti hwipyny™ wifbh thnpp pny dwljwpnuljubph:

Nputu guugh pnwugdw Gplnt uvinpuntghwubph® tpjundwb b Epwndwt
hwdbdwwnnipjut swhwtthy phunwupyynd E

_ -1
W=\k(M™'4) 4,

Ubdnipniip, npunty «(M ' 4) Jhpuyuydwudnpjus Ynrnnipjut dwnphgh wuwg-
Uwbtwynpjuwsnipjut phyu k, hul] 4, puquuguiguhtt Jkpuyujdwtiwynphsny
hwdwupgh psdwtt hwdwp wwhwieynn pdwpwiwlut gnpénnnipjniuutph

phyt k: 8nyg kE mipjws, np
W, =(116.90+0.024)n,

ops

wju dudwbwly, Epp
W, =(215.95+0.08 4 )n.

ops

“Tpwuny hhdtwynpynid E Epwndwt wnwybnipiniup:
UusStuUnNuNkE3UL 2zhULUUUL U8NP LRLEND

Uohwnwiipmid juunnwupyws hbnwgnunnipnibtbph wpyniipmd vnwugyus
tu htwnlbyw) hhdtwuwb wpnynibpubp Jipuyuydwbudnpduwt nkunipjut ptuqu -
Junnud:

e Gunnigywd Ll hwipwhwrujub puquuguiguhtt Jkpuwyuwydwiwyn-
nhsubkp uhdbwnphl npuljut npnojw; dwwnphgubph hwdwp, npnup wpwewnid Eu

tpswth Hhyunwlwt hwjuwuwpnidubph JEppwdnp mmwppughtt dnnwpljdut
dudwbwly:

e Uowljywd k guigh pohoutiph Ynnutph Epwwndwb dpuw hhdtws unnpu-
Jupqujhtt towtulnit guugkph hwdwp ubppht skpholjutt hnnkpughwukpnyg
hwiipwhwyujut puquuguiguhtt Jepuwywjdwiuwynphstph junnigdwt unp
wnbkputhlu:

e Unwugws Eu gumugh punugdwt dwjuppuljutph pyhg wtjwp Jepuwuy-
dwbtwynpyuws Ynonnipjut fwnphgubph yuwydwbwynpywsdnipjut pyh qhwhuw-
nwlwtbp:

o Mwwpwd Ytpwny plinplyny tbppht skphplywl hinkpughwitph phyp
unwgjws ki puquugubguihtt Jhpuwuydwiwynphsiiph pyupwbwlwut qup
nuwn jupgh oywnhdw) guwhwwnwlubiitbp:

e Ogquytiny hwdwnisé gpunhkunubph b skpholymtt hinkpughnt dkpnnuk-
nnud punhwinip hwyynnujut Swhiubkph vnwgdws guuwhwwnwlwtitiphg' gnyg k
npquws, np kpwndwb Jpu hhdiduws gwtgh uwnnpulupqujhtt  junwgnudp
unynpujut kpuwnnidhg ghpunuubih k:
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